Published by Institute of Physics Publishing for SISSA Received: May 16, 2005 Accepted: July 26, 2005 Published: August 10, 2005

Fuzzy 5-spheres and pp-wave Matrix actions

Yolanda Lozano and Diego Rodríguez-Gómez

Departamento de Física, Universidad de Oviedo Avda. Calvo Sotelo 18, 33007 Oviedo, Spain E-mail: yolanda@string1.ciencias.uniovi.es, diego@fisi35.ciencias.uniovi.es

Abstract: Using the action describing N coincident gravitational waves in M-theory we construct a pp-wave Matrix model containing a fuzzy 5-sphere giant graviton solution. This fuzzy 5-sphere is constructed as a U(1) fibration over a fuzzy CP^2, and has the correct dependence of the radius with the light-cone momentum, r^4 ∼ p^+, to approach the 5-sphere giant graviton solution of Mc.Greevy et al in the large N limit.

Keywords: Penrose limit and pp-wave background, M(atrix) Theories, M-Theory.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep082005044.pdf /jhep082005044.pdf

Contents

1. Introduction 1

2. The action for M-theory gravitational waves 3

3. The BMN Matrix model with coupling to the 6-form potential 5

4. The fuzzy 5-sphere giant graviton 10

5. Conclusions 11

A. Macroscopical giant gravitons for maximally supersymmetric pp-wave backgrounds 14

1. Introduction

The BMN Matrix model [1] is an example of Matrix theory in a non-trivial background, the maximally supersymmetric pp-wave background of M-theory [2]. Compared to Matrix theory in a flat background it contains additional mass and dielectric terms that remove the flat directions [1, 3], leaving isolated vacua in the form of giant gravitons [4]. String theory in this background is solvable [5], and through the AdS/CFT correspondence, type- IIB string theory in the pp-wave background has been shown to be dual to the, so-called, BMN sector of four dimensional N = 4 SYM [1].

The derivation of the BMN Matrix model was based on the generalization to arbitrary number of particles of the action for a superparticle in the pp-wave background, under the requirement of consistency with supersymmetry [1]. The same Matrix model was obtained in [3] by regularizing the light-cone supermembrane action in the pp-wave background, in the same way Matrix theory in a flat background arises from the flat supermembrane of [6] (see also [7]). Moreover, the model was shown to be related to the action for type-IIA D0-branes upon dimensional reduction plus Sen-Seiberg [8, 9] limit.

From the last point of view one could say that the basic degrees of freedom of the BMN Matrix model are gravitational waves propagating in the light-cone direction. An action describing coincident gravitational waves in arbitrary M-theory backgrounds has been constructed in [10]. This action goes beyond the linear order approximation of Matrix theory in a weakly curved background [11] precisely by imposing consistency with the action for coincident type IIA D0-branes upon reduction along the direction of propagation. One non-trivial check of the validity of this action is that it has been successfully used in the

– 1 – study of gravitational waves in AdS_m ×S^n backgrounds, which are not linear perturbations to Minkowski, and in particular in the microscopical description of giant gravitons in terms of dielectric gravitational waves^1 [10, 12 – 14].

For consistency the BMN Matrix model should come up as the action of [10] in the maximally supersymmetric pp-wave background of M-theory. Indeed, one can check that when the waves propagate in this background with a non-vanishing light-cone momentum the action of [10] reduces to the BMN Matrix model. In this derivation the dielectric coupling present in the BMN Matrix model simply arises as the non-Abelian Myers coupling [15] to the 3-form potential in the action for the waves. As shown in [1] this coupling supports a zero-energy solution consisting on the expansion of the waves by dielectric effect into a fuzzy 2-sphere with light-cone momentum, which constitutes the microscopical version of the 2-sphere giant graviton solution of [4] in this background.

A 5-sphere giant graviton solution is also known in the M-theory pp-wave background [4], a microscopical description to which has not successfully been given so far. One would expect that microscopically the waves would expand into a fuzzy 5-sphere through their (quadrupolar) coupling to the 6-form potential of the background.^2 However, such a coupling does not exist in the BMN Matrix model, this being the reason why a fuzzy 5-sphere giant graviton solution cannot easily be constructed. This is of course related to the difficulty in seeing the M5-brane in the Matrix model [16].

As one would expect, this problem is already encountered in the AdS_4 ×S^7 and AdS_7 × S^4 backgrounds from which the M-theory pp-wave emerges after Penrose limit. In these backgrounds there is a 5-sphere giant graviton solution which expands either into the S^7 or the AdS_7 parts of the geometry^3 [4, 17]. The microscopical description of these giant gravitons in terms of dielectric gravitational waves has been given recently in [14]. In this reference it is shown that in order to find the quadrupolar couplings to the 6-form potential responsible for the expansion of the waves it is necessary to go to a more non-perturbative regime of M-theory. This regime is reached by interchanging the direction of propagation of the waves with another compact direction of the background with a geometrical meaning, that we will clarify below. Reduction along the direction of propagation gives rise to type- IIA D0-branes, which upon T-duality along the geometrical compact direction that they inherit from M-theory give rise to type-IIB D-strings. On the other hand, reduction of the waves along the geometrical compact direction gives rise to type-IIA waves, which upon T-duality along their direction of propagation give rise to type-IIB F-strings. The S-duality between the F-strings and the D-strings is therefore generated in M-theory through the interchange of the direction of propagation and the geometrical compact direction.

1Of course, to describe these giant gravitons in non M-theory AdS type backgrounds the analogous action for coincident waves has to be constructed in type II, but this can easily be done using dualities from the M-theory action.

2Since a 5-sphere has 5 relative dimensions with respect to a point-like object, the 6-form potential has to be contracted as well with some other (Abelian) direction of the background in order to be able to couple to a one dimensional worldvolume, as we will see.

3The giant graviton expanding into the anti-deSitter part of the geometry is referred in the literature as dual giant graviton [17, 18].

– 2 –

From this point of view the action of [10] describes perturbative gravitational waves. The details of this action (see [10] and [19]) show that the direction of propagation of the waves is isometric, being in this sense special. The discussion in the previous paragraph suggests that we can use the same action to describe non-perturbative gravitational waves if the isometric direction is instead identified with some compact geometrical direction of the background. Indeed, one can see that doing this in the AdS_4 × S^7 and AdS_7 × S^4 backgrounds one finds non-vanishing quadrupolar couplings to the 6-form potential that can cause the expansion of the waves into fuzzy 5-spheres [14]. These fuzzy 5-spheres are defined as S^1 bundles over fuzzy CP^2, and the direction along the S^1 is the one playing the role of compact geometrical direction. The strongest check of the validity of this action is that the corresponding microscopical giant and dual giant graviton solutions have the same radii and satisfy the same bound (for the giant graviton), for large number of gravitons, than the classical 5-sphere solutions of [4] and [17].

The expansion of the waves into fuzzy 5-spheres is from the previous point of view more non-perturbative than the corresponding expansion into fuzzy 2-spheres. This is in agreement with previous observations along these lines [1, 20]. In these references it is argued that the 5-brane cannot appear as a classical solution to the BMN Matrix model because the scaling of its radius with the coupling constant is more non-perturbative than the one corresponding to a classical solution, and it is compared to the difficulty in realizing classically the process in which N D3-branes blow up into an NS5-brane found in [21] in mass deformed N = 4 SYM. In this case a non-perturbative action for coincident D3-branes would show a dielectric coupling to the NS-NS 6-form potential that would cause the expansion of the D3-branes into an NS5-brane. Our discussion above shows that this difficulty is also present in M-theory, and moreover, that it is not peculiar to the pp-wave background.

In this paper we will use the action of [10] to construct a non-perturbative Matrix model which is solved by a non-commutative 5-sphere. We will see that this 5-sphere has the same radius and energy than the classical 5-sphere giant graviton solution of [4] in this background. We will also comment in the conclusions on the relation between our solution and previous attempts in the literature to obtain the fuzzy 5-sphere giant graviton as a supersymmetry preserving solution [22 – 24].

2. The action for M-theory gravitational waves

The worldvolume theory associated to N coincident gravitational waves in M-theory is a U(N) gauge theory, in which the vector field is associated to M2-branes (wrapped on the direction of propagation of the waves) ending on them [10]. This vector field gives the BI field living in a set of coincident D0-branes upon reduction along the direction of propagation of the waves.

In this paper we will use a truncated version of the action in [10] in which the vector field is set to zero, given that it will not play any role in the backgrounds that we will be discussing. This action is given by S = S^{BI} + S^{CS}, with

S^{BI} = − � dt STr � k^{−1} � −P � E_{00} + E_{0i}(Q^{−1} − δ)^i_kE^{kj}E_{j0} � det Q � , (2.1)

– 3 – where

E_{μν} = G_{μν} + k^{−1} (i_kC^{(3)})_{μν} , G_{μν} = g_{μν} − k_μ k_ν k^2 Q^i_j = δ^i_j + ik[X^i, X^k]E_{kj} , (2.2) and S^{CS} = � dt STr � −P [k^{−2} k^{(1)}] + iP � (i_X i_X )C^{(3)} � + 1 2 P � (i_X i_X )^2i_kC^{(6)} � + · · · � , (2.3)

where the dots include couplings to higher order background potentials and products of different background fields contracted with the non-abelian scalars^4. We have also taken T_0, the tension of a single gravitational wave, equal to one. In this action k^μ is an abelian Killing vector which, by construction, points on the direction of propagation of the waves. This direction is isometric, because the background fields are either contracted with the Killing vector, so that any component along the isometric direction of the contracted field vanishes, or pulled back in the worldvolume with covariant derivatives relative to the isometry (see [10] for their explicit definition)^5.

We recall very briefly from [10] that the action (2.1) + (2.3) was obtained by uplifting to eleven dimensions the action for type-IIA gravitational waves derived in [19] using Matrix String Theory in a weakly curved background, and then going beyond the weakly curved background approximation by demanding agreement with Myers action for D0-branes when the waves propagate along the eleventh direction. In the action for type-IIA waves the circle in which Matrix theory is compactified in order to construct Matrix String theory cannot be decompactified in the non-abelian case [19]. In fact, the action exhibits a U(1) isometry associated to translations along this direction, which by construction is also the direction on which the waves propagate. A simple way to see this is to recall that the last operation in the 9-11 flip involved in the construction of Matrix String theory is a T-duality from fundamental strings wound around the 9th direction. Accordingly, in the action we find a minimal coupling to g_{μ9} /g_{99} which is the momentum operator k_μ /k^2 if k^μ = δ^μ_9 . Therefore, by construction, the action is designed to describe BPS waves with momentum charge along the compact isometric direction. It is important to mention that in the abelian limit, when all dielectric couplings and U(N) covariant derivatives^6 disappear, the action can be Legendre transformed into one in which the dependence on the isometric direction has been restored. This action is precisely the usual one for a massless particle written in terms of an auxiliary γ metric (see [10] and [19] for the details), where no information remains about the momentum charge carried by the particle.

As we have mentioned in the introduction the action (2.1) + (2.3) has been successfully used in the microscopical study of giant graviton configurations in backgrounds which

4These couplings are not shown explicitly because they will not play a role in the backgrounds under consideration in this paper.

5The reduced metric Gμν appearing in (2.2) is in fact defined such that its pull-back with ordinary derivatives equals the pull-back of gμν with these covariant derivatives.

6Which are of course implicit in the pull-backs of the action.

– 4 – are not linear perturbations to Minkowski, like the M-theory backgrounds AdS_4 × S^7 and AdS_7 × S^4 [10, 14]. In all cases perfect agreement with the description of [4, 17] has been found in the limit of large number of gravitons, in which the commutative configurations of [4, 17] become an increasingly better approximation to the non-commutative microscopical configurations [15].

In the next section we will use the same action to describe gravitational waves propagating in the maximally supersymmetric pp-wave background of M-theory. In order to find the quadrupolar coupling to the 6-form potential of this background we will need to interchange the direction of propagation of the waves (the Killing direction in the action) with a compact direction that has to do with the U(1) decomposition of the 5-sphere contained in the background as an S^1 bundle over the two dimensional complex projective space, CP^2.

3. The BMN Matrix model with coupling to the 6-form potential

Let us start by recalling the form of the maximally supersymmetric pp-wave background of M-theory [25, 2]. Starting with the AdS_4 × S^7 background^7, written as:

ds^2 = L^2(− cosh^2 ρ dτ^2 + dρ^2 + sinh^2 ρ dΩ^2) + 4L^2(dθ^2 + cos^2 θdϕ^2 + sin^2 θdΩ^2_5) , C^{(3)}_{τ α 1α 2} = −L^3 sinh^3 ρ √ g_α , C^{(6)}_{ϕγ 1...γ5} = −(2L)^6 sin^6 θ √ g_γ ; (3.1)

where L is the radius of curvature of AdS_4, {α_i} ({γ_i}) are the angle variables parametrizing the 2-sphere (5-sphere) in the notation

dΩ^2_n = dβ^2_1 + sin^2 β_1(dβ^2 + sin^2 β_2(· · · + sin^2 β_{n−1} dβ^2_n)) , (3.2)

and √g_β is the volume element on the unit n-sphere; and defining

x^+ = 3 2μ (τ + 2ϕ) , x^− = μL^2 6 (τ − 2ϕ) , ρ = r L , θ = y 2L , (3.3)

the M-theory maximally supersymmetric pp-wave background is obtained in the limit L → ∞ [26, 1]:

ds^2 = −4dx^+dx^− − � μ 3 �_2 r^2 + � μ 6 �_2

y^2 � (dx^+)^2 + dr^2 + r^2dΩ^2 + dy^2 + y^2dΩ^2_5

= −4dx^+dx^− − � μ 3 �_2 (x^2_1 + x^2 + x^2_3) + � μ 6 �_2 y^2 � (dx^+)^2 +

+dx^2_1 + dx^2 + dx^2_3 + dy^2 + y^2dΩ^2_5 ,

C^{(3)}_{+ij} = μ 3 ϵ_{ijk}x^k , i, j = 1, 2, 3 , C^{(6)}_{+γ1...γ5} = − μ 6 y^6 √ g_γ , (3.4)

where (x_1, x_2, x_3) parametrize a point in R^3.^8

7One can also start from the AdS7 × S^4 background and perform a similar limit. 8We have not chosen Cartesian coordinates in the R^6 part, as in [1], because for our purposes it will be more convenient to describe the 5-sphere as an S^1 bundle over CP^2, as we discuss below.

– 5 –

The BMN Matrix model gives the dynamics of DLCQ M-theory in this background along the direction x^− ∼ x^− + 2πR, in the sector with momentum 2p^+ = −p_− = N/R [1]. It is a U(N) Matrix theory sum of the usual Matrix theory of [27], a term adding mass to the scalar and fermion fields and a dielectric coupling to the 3-form potential. In this section we are going to show that the same Matrix model, plus a coupling to the six-form potential, arises from the actions (2.1) and (2.3) when the waves propagate in the background (3.4) along the x^− direction.

As we have mentioned above, to do this it is convenient to describe the 5-sphere as an S^1 bundle over CP^2, and introduce adapted coordinates to the U(1) isometry associated to the S^1:

dΩ^2_5 = (dχ − A)^2 + ds^2_{CP} 2 , (3.5) with A the connection providing the necessary twist in the fibre to obtain the S^5 as the global space.

CP^2 is the coset manifold SU(3)/ U(2), and it is most conveniently described for our purposes as a submanifold of R^8, determined by a set of four independent constraints (see for instance [28]): 8� a=1 z_az_a = 1 8� b,c=1

d^{abc}z_bz_c = 1 √ 3 z_a , (3.6)

where {z_1, . . . , z_8} parametrize a point in R^8, and d^{abc} are the components of the totally symmetric SU(3)-invariant tensor defined by

λ^aλ^b = 2 3 δ^{ab} + (d^{abc} + if^{abc})λ^c , (3.7)

where λ^a, a = 1, . . . , 8 are the Gell-Mann matrices.

As we have discussed in the introduction we can construct a non-perturbative action for M-theory waves by taking k^μ = δ^μ_χ in the actions (2.1), (2.3), with χ the coordinate adapted to the U(1) fibre in (3.5). Using this coordinate and the Cartesian coordinates {z_1, . . . , z_8} embedding the CP^2 in R^8 the background metric and potentials read

ds^2 = −4dx^+dx^− − � μ 3 �_2

(x^2_1 + x^2 + x^2_3) + � μ 6 �_2 y^2 � (dx^+)^2 +

+dx^2_1 + dx^2 + dx^2_3 + dy^2 + y^2[(dχ − A)^2 + dz^2_1 + · · · + dz^2_8 ] ,

C^{(3)}_{+ij} = μ 3 ϵ_{ijk}x^k , i, j = 1, 2, 3 ,

C^{(6)}_{+χabcd} = μ 3 y^6f^{[abe}f^{cd]f} z^ez^f , a, b, c, d = 1, . . . 8 , (3.8)

where f^{abc} are the structure constants of SU(3). Note that the choice of adapted coordinates to the U(1) isometry in the decomposition of the 5-sphere as an S^1 bundle over CP^2 has reduced the explicit invariance of the 5-sphere from SO(6) to SU(3) × U(1).^9 Therefore

9The whole invariance under SO(6) should however still be present in a non-manifest way.

– 6 – the background is manifestly invariant under U(1)^2 × SO(3) × SU(3) × U(1), where the first U(1)^2 is associated to the translations along the x^− and x^+ directions. The second direction will be identified with the worldline time, taking light-cone gauge x^+ = t. The first direction is in turn taken as the direction of propagation of the waves, and will be a commutative direction in the action. Also, y, the radius of the 5-sphere, is taken to be commutative, consistently with the invariance of the background.

It is straightforward to substitute in the CS action (2.3). One finds

S^{CS} = − μ 3 � dx^+ STr � −iϵ_{ijk}X^kX^j X^i + 1 2 y^6f_{[abe}f_{cd]f} Z^dZ^cZ^bZ^aZ^eZ^f � , (3.9)

where we have denoted with capital letters the non-commutative transverse scalars. Similarly, one finds for the BI part:

S^{BI} = − � dx^+ STr � 1 y � β + 4ẋ^− − Ẋ^2 − ẏ^2 − y^2Ż^2 � 1 − y^2 4 [X, X]^2 − y^6 4 [Z, Z]^2 � , (3.10) where, in our notation [X, X]^2 ≡ [X^i, X^j ][X^i, X^j ], [Z, Z]^2 ≡ [Z^a, Z^b][Z^a, Z^b], β = � μ 3 �_2 (X^2_1 + X^2_2 + X^2_3 ) + � μ 6 �_2 y^2 � (3.11)

and 1 −^{y2}_4 [X, X]^2 −^{y6}_4 [Z, Z]^2 arises as the expansion of the square root of the determinant of Q up to fourth order in the embedding scalars,^{10} for Q given by:

Q^i_j = δ^i_j + iy[X^i, X^j ] , i, j = 1, 2, 3 Q^a_b = δ^a_b + iy^3[Z^a, Z^b] , a, b = 1, . . . , 8 Q^i_a = Q^a_i = 0 ∀ i, a . (3.12)

In order to obtain this expression we have taken the commutators [X^i, Z^a] = 0 for all i, a, consistently with the SO(3) × SU(3) × U(1) invariance of the background (3.8). In fact, the most general non-commutative ansatz compatible with this symmetry is to take

X^i = r √ C_N

J^i , i = 1, 2, 3 , (3.13)

where the J^i form an N ×N representation of SU(2) (in our conventions [J^i, J^j ] = 2iϵ^{ijk}J^k) and C_N is the quadratic Casimir in this representation, and

Z^a = 1 √ C_N

T^a , a = 1, . . . , 8 , (3.14)

where the T^a form an N×N representation of SU(3) (in our conventions [T^a, T^b] = if^{abc}T^c), and C_N is the quadratic Casimir of SU(3) in this representation. With this ansatz: 3� i=1 (X^i)^2 = r^21 , and 8� a=1 (Z^a)^2 = 1 , (3.15)

10The same approximation is taken inside the square root in (3.10). Note that this is the usual approximation taken in non-abelian BI actions [15], which is valid when the non-abelian action is good to describe the system of waves, that is, when the waves are distances away less than the Planck length (in our units lp = ( √ 2π)^{−1} .

– 7 – which are the non-commutative analogues of

�_3 i=1(x^i)^2 = r^2, which is satisfied by (x_1, x_2, x_3) in (3.4), and the first constraint in (3.6) respectively^{11}. Then β, Ẋ^2 and Ż^2 are multiples of the identity matrix. We should stress however that this is not the most general non-commutative ansatz one could consider.

Since we are interested in the sector of the theory with a fixed value of the light-cone momentum p_− it is most adequate to perform a Legendre transformation from ẋ^− to p_− . Having all terms inside the square root in (3.10) as multiples of the identity matrix, as with the ansätze above, simplifies a lot this transformation, since the square root can be taken out of the symmetrized trace. We will refer to the resulting function as the hamiltonian, though we will not Legendre transform the non-commutative transverse scalars. Calling

M ≡ STr � 1 − y^2 4 [X, X]^2 − y^6 4 [Z, Z]^2 � (3.16)

we find p_− = − 2M y � β + 4ẋ^− − Ẋ^2 − ẏ^2 − y^2Ż^2

. (3.17)

However, before we make a clear statement about the non-commutativity that the embedding scalars should satisfy it is important to recall that the action (2.1) + (2.3) describes waves which, by construction, carry N units of momentum charge in the χ direction. Therefore, this momentum charge will have to be set to zero if we want to describe the sector of the theory with, only, light-cone momentum.

The difference between p_χ being zero or not is merely a coordinate transformation, a boost in χ. However, how to perform coordinate transformations in non-abelian actions is an open problem [29 – 32]. This problem was already encountered in reference [14], in the microscopical study of 5-sphere giant gravitons in terms of dielectric gravitational waves. A careful study on how this limit should be taken can be found there. An essential ingredient is the comparison with the complementary description of the 5-sphere giant graviton configurations in terms of classical M5-branes, and an important check of the validity of the prescription given there is the exact agreement between the two descriptions in the limit of large number of gravitons.

The classical M5 branes of reference [14] were wrapped branes, which were assumed to have momentum in both the x^− and χ directions. The easiest way to obtain a wrapped brane is to consider the uplift to 11 dimensions of a D4 brane. Therefore, the worldvolume of the resulting M5 brane is effectively 4-dimensional, and contains a worldvolume Born- Infeld vector field. While the momentum in the x^− direction is given by letting x^− = x^− (t), the momentum in the internal isometry is given by the coupling of a momentum operator to the Born-Infeld vector. This BI vector is then giving momentum charge, and its instanton number represents the number of momentum units the brane is carrying along the isometric direction. The advantage of this construction is that now we have a clear interpretation of

11We will see in the next section that in order to fulfil all the constraints (3.6) we will have to take the Z^a in specific N × N representations.

– 8 – how to set to zero p_χ : simply put to zero the instanton number on the brane. Then, by comparing this macroscopical action with its microscopical counterpart, we can learn how to set to zero the microscopical momentum charge along the direction of the isometry.

In the microscopical description the momentum charge is given by the number of gravitational waves of the configuration, namely N. Therefore, naively setting p_χ to zero would imply putting N to zero, which would apparently lead to an ill-defined action. However, a careful comparison with the macroscopical computation shows that this is not the case, and that in the limit N → 0 the remaining action is finite (see [14] for the details). The basic recipe that is derived from the analysis in [14] is that only those terms that remain finite when N → 0 must be kept in the hamiltonian. However, note that to obtain this limit one has to know the non-commutativity that the embedding scalars satisfy, since there are powers of N implicit in the quadratic Casimirs of the groups involved in the non-commutative definitions (see for instance (3.13) and (3.14)). Therefore, to continue further it is necessary to specify the non-commutativity that the transverse scalars satisfy.

Taking the most general ansatz compatible with the symmetry of the background, namely (3.13) and (3.14), one obtains the hamiltonian H = � dx^+ � p_− 2 � 1 2 (Ẋ^2 + ẏ^2 + y^2Ż^2) − β 2 − 2M^2 y^2p^2_− � − i μ 3 ϵ_{ijk}X^kX^j X^i + + μ 6 y^6f_{[abe}f_{cd]f} Z^dZ^cZ^bZ^aZ^eZ^f � . (3.18)

Taking into account that p_− = −N/R and keeping only those terms that remain finite when N → 0, as explained above, we have that

M^2 y^2p_− → 1 2 R[X, X]^2 − 1 16 Ry^{10}[Z, Z]^4 . (3.19)

We then arrive at

H = − � dx^+ STr � 1 4R � Ẋ^2 + ẏ^2 + y^2Ż^2 � − 1 4R � μ^2 9 X^2 + μ^2 36 y^2 � + 1 2 R[X, X]^2 − − 1 16 R y^{10}[Z, Z]^4 + i μ 3 ϵ_{ijk}X^kX^j X^i − − μ 6 y^6f_{[abe}f_{cd]f} Z^dZ^cZ^bZ^aZ^eZ^f � , (3.20)

where we have made use of expressions (4.2) and (4.3), which are included in section 4, where we discuss in more detail the non-commutativity of the fuzzy 5-sphere.

Comparing with the BMN Matrix model we find the same expression in the R^3 part of the geometry, where we are using the same Cartesian coordinates (X_1, X_2, X_3). Regarding the R^6 part, BMN use Cartesian coordinates, in which the SO(6) invariance is manifest, whereas we are using coordinates in which this invariance is reduced to SU(3) × U(1), and, moreover, we have implicitly taken a particular non-commutative ansatz for these coordinates. It could be that, apart from the new dielectric coupling involving the Z^a coordinates, both actions were equivalent through the right coordinate transformation,

– 9 – although we have not checked this out explicitly. In any case a non-trivial check of the validity of our hamiltonian (3.20) is that we will find a new fuzzy 5-sphere solution with the correct radius in the large N limit.

In the next section we will see how the fuzzy 5-sphere solution arises. However, before doing that we are going to derive the fuzzy 2-sphere solution of [1] in our notation, and we are going to compare it with the calculation in terms of a classical spherical M2-brane that we have included in the appendix A for the sake of completeness.

The BMN Matrix model contains a fuzzy 2-sphere solution with non-zero momentum p_− and zero light-cone energy, which is the microscopical realization of the classical 2- sphere giant graviton of [4] in the pp-wave background [1]. Taking the ansatz r = const, y = Z^a = 0, a = 1, . . . 8, and (3.13) for (X_1, X_2, X_3) in (3.20), we arrive at the following hamiltonian H = � dx^+ N R r^2 � μ 6 − 2Rr √ N^2 − 1

�_2 . (3.21)

Minimizing with respect to r one finds a zero energy solution for r = 0, which corresponds to the point-like graviton, and another one for finite r: r = μ 12 √ N^2 − 1 R , (3.22)

which corresponds to the giant graviton solution. When the number of gravitons is large this value of the radius agrees with the radius of the classical 2-sphere giant graviton solution in this background, given by expression (A.6) in the appendix A (recall that T_2 = (2π)^{−1} in our units, in which T_0, the tension of a single graviton, is equal to 1, and that we are describing the sector of the theory with p_− = −N/R). Moreover, there is perfect agreement between the corresponding hamiltonians, given by (3.21) and (A.5), in this limit.

In the next section we will show that the extra dielectric term present in our action (3.20) is responsible for the existence of a second zero energy solution which is interpreted as the fuzzy 5-sphere giant graviton.

4. The fuzzy 5-sphere giant graviton

It has been shown in [14] that the 5-sphere giant graviton solutions in AdS_4 × S^7 and AdS_7 × S^4 are realized microscopically in terms of fuzzy 5-spheres defined as S^1 bundles over fuzzy CP^2.

The fuzzy CP^2 has been extensively studied in the literature, in different contexts [28, 33, 38]. Embedding the CP^2 in R^8 as in section 3 the simplest way to construct a fuzzy CP^2 is by making the z_a coordinates non-commutative and impose the constraints (3.6) at the level of matrices. One sees that taking

Z^a = 1 √ C_N

T^a (4.1)

– 10 – with T^a the generators of SU(3) in an N dimensional representation, and C_N the quadratic Casimir in this representation, the constraints are satisfied iff the Z^a are taken in the (n, 0) or (0, n) representations of SU(3) [28], parametrizing the irreducible representations of SU(3) by two integers (n, m) corresponding to the number of fundamental and antifundamental indices (see [14] and references therein for more details). In these representations Z^a = 1 �_1

3 n^2 + n

T^a , (4.2)

and the commutation relations of the Z^a become [Z^a, Z^b] = i �_1

3 n^2 + n f^{abc}Z^c . (4.3)

The fuzzy 5-sphere solution emerges when, on top of (4.2), r = X^i = 0, i = 1, 2, 3, and y and Z^a are taken time independent in the hamiltonian (3.20). Then one gets H = � dx^+ N R y^2 � μ 12 − Ry^4 4(n^2 + 3n)

�_2 , (4.4)

where we have used that

f_{[abe}f_{cd]f} Z^dZ^cZ^bZ^aZ^eZ^f = − 1 4(n^2 + 3n)

1 . (4.5)

Minimizing the hamiltonian (4.4) one finds two zero light-cone energy solutions: one for y = 0, the point-like graviton, and another one for y = � μ(n^2 + 3n) 3R �_{1/4}

, (4.6)

which corresponds to the giant graviton solution. Taking into account that the dimension of the (n, 0) and (0, n) representations is given by N = (n + 1)(n + 2) 2 (4.7)

and that p_− = −N/R, we have that for large N y ∼ � − 2 3 μp_−

�_{1/4} (4.8)

which is the radius of the classical 5-sphere solution discussed in the appendix A, where we have to take into account that T_5 = (8π^3)^{−1} in our units. Also, in this limit, the hamiltonians (4.4) and (A.5) agree exactly. This agreement is an important check for the validity of our Matrix model (3.20).

5. Conclusions

Using the action for N coincident gravitational waves in M-theory we have constructed a pp-wave Matrix model containing the fuzzy 5-sphere giant graviton as a supersymmetry preserving solution. Our Matrix model is the sum of the (bosonic part of the) BMN Matrix action^{12} plus an additional quadrupolar coupling to the 6-form potential of the pp-wave

12With the remarks that we have made after equation (3.20).

– 11 – background. This coupling is the one responsible for the expansion of the waves into a fuzzy 5-sphere. We have seen that in order to see this new coupling arising it is necessary to go to a more non-perturbative regime in M-theory, in which the waves are related to type-IIA waves upon reduction. In this regime the fuzzy 5-sphere giant graviton arises as one of the minima of the potential, together with the point like graviton solution. Different approaches are considered in the literature which tend to clarify which of the two minima corresponds to the true vacuum, and, in AdS_m × S^n spacetimes, whether or not the stringy exclusion principle can be satisfied (see for instance [4, 17, 18]). This analysis is however beyond the scope of our paper.

We would like to stress that using our action (3.20) the point-like and fuzzy 5-sphere graviton solutions arise as minima of the potential in exactly the same way the point-like and fuzzy 2-sphere gravitons arise from the BMN action. As we have discussed this is possible because our action describes a more non-perturbative regime of M-theory. In the more perturbative regime of the BMN matrix model, the 5-brane giant graviton would be reproduced as excited states about the trivial vacuum (the point-like solution) [20]. As it has been pointed out in this reference, the linear fluctuations around the X = 0 vacuum of the BMN action match with the protected quantities for a spherical M5-brane. Therefore this vacuum is identifyed with the 5-sphere giant graviton, and it is argued that non-perturbative effects would blow up the M5-brane out of the X = 0 vacuum. This was already conjectured in [1]. However, in our situation, since we are in a more nonperturbative regime, our action contains as a vacuum solution the M5-brane. Thus, the trivial X = 0 solution truly corresponds in our matrix model to the point-like graviton.

The situation above is very similar to the way the expansion of N D3-branes into an NS5-brane in mass deformed N = 4 SYM [21] is realized perturbatively. This expanded configuration is the supergravity dual of the confining vacuum of the gauge theory, and can be reproduced perturbatively as excited states about the trivial vacuum [21]. On the other hand at strong coupling the description can be made in terms of a non-perturbative action for N D3-branes, which shows a dielectric coupling that is responsible for the expansion of the branes into an NS5-brane [39]. As predicted by S-duality, this vacuum is described at strong coupling in exactly the same way the expansion of the D3-branes into a D5-brane, corresponding to the Higgs vacuum of the gauge theory, is described at weak coupling.

We should emphasize that we have only worked out the bosonic terms in the action. However the agreement between our fuzzy 2- and 5-sphere solutions and the classical description in [4] suggests that both should occur as BPS solutions of a supersymmetric Matrix action, preserving the same half of the supersymmetries as the point-like graviton [17]. It would be interesting to see if this Matrix action could be derived as in [1] keeping the 6-form potential of the background and using the supervielbeins for AdS_4 × S^7 and AdS_7 × S^4 of [40].

A Matrix action having a fuzzy 5-sphere giant graviton solution has also been given recently in [24]. The approach taken in this reference is to construct the Matrix action such that the defining algebra of the fuzzy 5-sphere of [22] is obtained from its equations of motion. The fuzzy 5-sphere defined in [22] is however different from the fuzzy 5-sphere that we have obtained in this paper, as solution to our Matrix model. One obvious difference

– 12 – is that the fuzzy S^5 in [22] has explicit SO(6) invariance whereas our construction is only SU(3) × U(1) manifestly invariant.^{13} Another difference is that our solution approaches neatly the classical S^5 in the large N limit, where all the non-commutativity disappears, whereas this is not the case for the fuzzy 5-sphere of [22]. Other more technical differences can be found in [14]. Therefore there are clear differences between both fuzzy sphere constructions. From this point of view one should not expect exact coincidence between the Matrix model presented in [24] and our Matrix model.

We believe one nice feature about our Matrix model is that it reproduces the right value for the radius of the 5-sphere giant graviton solution. This value cannot however be predicted from the Matrix model in [24], because the requirement of reproducing the defining algebra of the fuzzy 5-sphere of [22] from its equations of motion is not enough to fix completely all the parameters in the action. Moreover, some arguments suggest that the radius of this giant graviton solution should scale with the light-cone momentum as r ∼ (p_+)^{1/5} [41, 23], so it would not reproduce the correct value for the classical 5-sphere found in [4, 20] in the large N limit. The description of the fuzzy 5-sphere solution as an S^1 bundle over a fuzzy CP^2 seems to be an essential ingredient towards the correct increasing of the power of the radius of the solution with the light-cone momentum.

Our Matrix model arises from the action for coincident M-theory gravitational waves constructed in [10]. Using dualities similar actions have been derived for type-II gravitational waves (see [19, 12]). For consistency the pp-wave Matrix models, constructed in the literature using different approaches, in type IIA [42 – 45] and type IIB [23] should also arise from these actions when the waves propagate in the pp-wave background with non-vanishing light-cone momentum. From this point of view the physical interpretation of the fundamental constituents referred as tiny gravitons in references [23, 46] would be as gravitational waves, and, clearly, the theory describing them would be a U(N) gauge theory, since these actions arise through dualities from the U(N) gauge theory describing M-theory gravitational waves. These dualities imply in particular that the vector field in the type-IIA Matrix model would be associated to D2-branes wrapped on the direction of propagation of the waves, ending on them, and in the type-IIB Matrix model would be associated to D3-branes wrapped on the direction of propagation and also on a second compact direction (the T-duality direction from type-IIA) ending on them. We hope to report the details of these calculations in a forthcoming paper [47].

Acknowledgments

It is a pleasure to thank Bert Janssen for useful discussions. This work has been partially supported by CICYT grant BFM2003-00313 (Spain), and by the European Commission FP6 program MRTN-CT-2004-005104, in which the authors are associated to Universidad Autónoma de Madrid. D.R-G. was supported in part by a F.P.U. Fellowship from M.E.C. (Spain).

13The SO(6) invariance might still be present in a non-manifest way, in the same way the classical S^5 is not explicitly SO(6) invariant when it is described as an S^1 bundle over CP^2.

– 13 –

A. Macroscopical giant gravitons for maximally supersymmetric pp-wave backgrounds

In this appendix we summarize the macroscopical description of the giant graviton solutions for the pp-wave backgrounds that arise as Penrose limits of AdS_m × S^n (see [20, 45, 48]).

The Penrose limits of the AdS_4 × S^7 and AdS_7 × S^4 spacetimes give rise to the background (3.4), whereas that of AdS_5 × S^5 gives rise to [49]:

ds^2 = −4dx^+dx^− − μ^2(x^2_1 + · · · + x^2_8)(dx^+)^2 + d⃗x^2 , where ⃗x ∈ R^8 C^{(4)}_{+α 1α 2α 3} = −μr^4 √ g_α , C^{(4)}_{+γ1γ2γ3} = μy^4 √ g_γ , (A.1)

where {α_i} and {γ_i} are the angle variables parametrizing the two 3-spheres embedded in R^8, and r^2 = x^2_1 + · · · + x^2_4, y^2 = x^2_5 + · · · + x^2_8.

The giant graviton solutions associated to these backgrounds are spherical 2-branes and 5-branes for the Penrose limit of AdS_4 × S^7 and AdS_7 × S^4, and spherical 3-branes for the background (A.1). In all cases the branes are stable thanks to their dipole or magnetic moment with respect to the background potential.

Taking the ansatz for a p-brane giant graviton solution in these backgrounds one has that, generically ds^2 = −4dx^+dx^− − β_p(dx^+)^2 + d⃗x^2 (A.2)

where ⃗x parametrizes a point in R^{p+1}, β_p = σ_pμ^2r^2 with σ_2 =^1_9 , σ_3 = 1 and σ_5 =^1_{36} , and r is the radius of the p-brane, r^2 = x^2_1 + · · · + x^2_{p+1}. The non-vanishing background potential can also be written in a unified way, as

C^{(p+1)}

+α_1...α_p = − √ σ_pμr^{p+1} √ g_α . (A.3)

We fix a gauge in which the spatial coordinates are identified with the angular coordinates and t = x^+. The p-brane moves along the x^− direction by taking x^− = x^− (x^+).

Substituting this trial solution into the worldvolume action of the p-brane and integrating the angular worldvolume coordinates one finds

S_p = T_pA_p � dx^+ � −r^p � σ_pμ^2r^2 + 4ẋ^− + √ σ_pμr^{p+1} � (A.4)

where A_p is the area of a unit p-sphere.

Legendre transforming ẋ^− to p_− one finally arrives at a hamiltonian

H = − � dx^+p_− r^2 � 1 2 √ σ_pμ +

T_pA_pr^{p−1} p_−

�_2 (A.5)

from which one finds that the light-cone energy vanishes for r = 0, which corresponds to the point-like graviton, and for r = � − √σ_pμp_−

2T_pA_p

�_{1/(p−1)} (A.6)

which corresponds to the giant graviton solution.

– 14 –

References

[1] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[2] J. Figueroa-O’Farrill and G. Papadopoulos, Homogeneous fluxes, branes and a maximally supersymmetric solution of M-theory, JHEP 08 (2001) 036 [hep-th/0105308].

[3] K. Dasgupta, M.M. Sheikh-Jabbari and M. Van Raamsdonk, Matrix perturbation theory for M-theory on a pp-wave, JHEP 05 (2002) 056 [hep-th/0205185].

[4] J. McGreevy, L. Susskind and N. Toumbas, Invasion of the giant gravitons from anti-de Sitter space, JHEP 06 (2000) 008 [hep-th/0003075].

[5] R.R. Metsaev, Type-IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044].

[6] B. de Wit, J. Hoppe and H. Nicolai, On the quantum mechanics of supermembranes, Nucl.

Phys. B 305 (1988) 545.

[7] K. Sugiyama and K. Yoshida, Supermembrane on the pp-wave background, Nucl. Phys. B 644 (2002) 113 [hep-th/0206070].

[8] A. Sen, D0 branes on T^n and matrix theory, Adv. Theor. Math. Phys. 2 (1998) 51 [hep-th/9709220].

[9] N. Seiberg, Why is the matrix model correct?, Phys. Rev. Lett. 79 (1997) 3577 [hep-th/9710009].

[10] B. Janssen and Y. Lozano, A microscopical description of giant gravitons, Nucl. Phys. B 658 (2003) 281 [hep-th/0207199].

[11] I.W. Taylor and M. Van Raamsdonk, Supergravity currents and linearized interactions for matrix theory configurations with fermionic backgrounds, JHEP 04 (1999) 013 [hep-th/9812239].

[12] B. Janssen, Y. Lozano and D. Rodriguez-Gomez, A microscopical description of giant gravitons. II: the AdS_5 × S^5 background, Nucl. Phys. B 669 (2003) 363 [hep-th/0303183].

[13] B. Janssen, Y. Lozano and D. Rodriguez-Gomez, Giant gravitons in AdS_3 × S^3 x T^4 as fuzzy cylinders, Nucl. Phys. B 711 (2005) 392 [hep-th/0406148].

[14] B. Janssen, Y. Lozano and D. Rodriguez-Gomez, Giant gravitons and fuzzy CP(2), Nucl.

Phys. B 712 (2005) 371 [hep-th/0411181].

[15] R.C. Myers, Dielectric-branes, JHEP 12 (1999) 022 [hep-th/9910053].

[16] T. Banks, N. Seiberg and S.H. Shenker, Branes from matrices, Nucl. Phys. B 490 (1997) 91 [hep-th/9612157].

[17] M.T. Grisaru, R.C. Myers and O. Tafjord, SUSY and goliath, JHEP 08 (2000) 040 [hep-th/0008015].

[18] A. Hashimoto, S. Hirano and N. Itzhaki, Large branes in AdS and their field theory dual, JHEP 08 (2000) 051 [hep-th/0008016].

[19] B. Janssen and Y. Lozano, On the dielectric effect for gravitational waves, Nucl. Phys. B 643 (2002) 399 [hep-th/0205254].

– 15 –

[20] J. Maldacena, M.M. Sheikh-Jabbari and M. Van Raamsdonk, Transverse fivebranes in matrix theory, JHEP 01 (2003) 038 [hep-th/0211139].

[21] J. Polchinski and M.J. Strassler, The string dual of a confining four-dimensional gauge theory, hep-th/0003136.

[22] S. Ramgoolam, Higher dimensional geometries related to fuzzy odd- dimensional spheres, JHEP 10 (2002) 064 [hep-th/0207111].

[23] M.M. Sheikh-Jabbari, Tiny graviton matrix theory: DLCQ of IIB plane-wave string theory, a conjecture, JHEP 09 (2004) 017 [hep-th/0406214].

[24] H. Nastase, On fuzzy spheres and Matrix actions, hep-th/0410137. [25] J. Kowalski-Glikman, Vacuum states in supersymmetric Kaluza-Klein theory, Phys. Lett. B 134 (1984) 194.

[26] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081].

[27] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[28] G. Alexanian, A.P. Balachandran, G. Immirzi and B. Ydri, Fuzzy CP(2), J. Geom. Phys. 42 (2002) 28 [hep-th/0103023].

[29] J. De Boer and K. Schalm, General covariance of the non-abelian DBI-action, JHEP 02 (2003) 041 [hep-th/0108161].

[30] S.F. Hassan, N = 1 worldsheet boundary couplings and covariance of non- abelian worldvolume theory, hep-th/0308201.

[31] J. de Boer, K. Schalm and J. Wijnhout, General covariance of the non-abelian DBI-action:

checks and balances, Ann. Phys. (NY) 313 (2004) 425 [hep-th/0310150]. [32] D. Brecher, K. Furuuchi, H. Ling and M. Van Raamsdonk, Generally covariant actions for multiple D-branes, JHEP 06 (2004) 020 [hep-th/0403289].

[33] V.P. Nair and S. Randjbar-Daemi, On brane solutions in Matrix theory, Nucl. Phys. B 533 (1998) 333 [hep-th/9802187].

[34] H. Grosse and A. Strohmaier, Noncommutative geometry and the regularization problem of 4D quantum field theory, Lett. Math. Phys. 48 (1999) 163 [hep-th/9902138].

[35] Y. Kitazawa, Matrix models in homogeneous spaces, Nucl. Phys. B 642 (2002) 210 [hep-th/0207115].

[36] D. Karabali, V.P. Nair and S. Randjbar-Daemi, Fuzzy spaces, the Matrix model and the quantum hall effect, hep-th/0407007.

[37] S.P. Trivedi and S. Vaidya, Fuzzy cosets and their gravity duals, JHEP 09 (2000) 041 [hep-th/0007011].

[38] G.G. Alexanian, A.P. Balachandran and P.J. Silva, Obstruction to D-brane topology change,

hep-th/0207052.

[39] Y. Lozano, Non-commutative branes from M-theory, Phys. Rev. D 64 (2001) 106011 [hep-th/0012137].

– 16 –

[40] B. de Wit, K. Peeters, J. Plefka and A. Sevrin, The M-theory two-brane in AdS_4 × S^7 and AdS_7 × S^4, Phys. Lett. B 443 (1998) 153 [hep-th/9808052].

[41] S. Ramgoolam, On spherical harmonics for fuzzy spheres in diverse dimensions, Nucl. Phys.

B 610 (2001) 461 [hep-th/0105006].

[42] G. Bonelli, Matrix strings in pp-wave backgrounds from deformed super Yang-Mills theory, JHEP 08 (2002) 022 [hep-th/0205213].

[43] K. Sugiyama and K. Yoshida, Type-IIA string and matrix string on pp-wave, Nucl. Phys. B 644 (2002) 128 [hep-th/0208029].

[44] S.-j. Hyun and H.-j. Shin, N = (4, 4) type-IIA string theory on pp-wave background, JHEP 10 (2002) 070 [hep-th/0208074].

[45] S.R. Das, J. Michelson and A.D. Shapere, Fuzzy spheres in pp-wave matrix string theory, Phys. Rev. D 70 (2004) 026004 [hep-th/0306270].

[46] M.M. Sheikh-Jabbari and M. Torabian, Classification of all 1/2 BPS solutions of the tiny graviton matrix theory, JHEP 04 (2005) 001 [hep-th/0501001].

[47] Y. Lozano, D. Rodríguez-Gómez, in preparation.

[48] D. Sadri and M.M. Sheikh-Jabbari, Giant hedge-hogs: spikes on giant gravitons, Nucl. Phys.

B 687 (2004) 161 [hep-th/0312155].

[49] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, JHEP 01 (2002) 047 [hep-th/0110242].

– 17 –